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ASSOCIATED LEGENDRE FUNCTIONS OF THE 
FIRST KIND WHEN THE SUM OF THE DEGREE 
AND THE ORDER IS A POSITIVE INTEGER 


By T. M. MACROBERT (Glasgow) 
[Received 16 September 1942] 


1. THE expansions 


where m is any number, are valid for sufficiently small values of |h|. 
Here 


(u) = (3) 


—]\im jm 
and P;™(u) is the same function with (S) in place of (4) ‘ 


+1 
Expansions (1) and (2) are obtained by writing (1—2uh+-h?)-”-? in 
the form 


and then expanding in powers of h. The connexion between these 
associated Legendre functions and Gegenbauer’s functions was 
pointed out in a previous paper.* The expansion of (1—2uh-+-h?)-™-* 
has also been studied by Escary.T 
The two following forms for these associated Legendre functions 
can be derived by the same methods as the corresponding forms for 
the Legendre polynomials: 
P(2m+n+1) 
x cos cos(n—2)0+- 
cos(n—4)0+...], (4) 


+ "n(COS 0) = x 


* T. M. MacRobert, Phil. Mag. (7) 21 (1936), 698. 
+ M. Escary, J. de Math. 5 (1879), 47-68. 
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the last term in the bracket being 
8)...(m-+ $n—1)P(m-+- cos 8, 
or (m+ 3n+4), 
according as ” is odd or even; 


= 2__])imy 
x 


n(n—1) 


= n(n—1)(n—2)(n—3) 
2(2m-+-2n—1) 2.4(2m-+ 2n—1)(2m--2n—3) 


In particular 
(u?—1)*™ —])i™ 
m 2"T'(m+1) m+1 


= {(2m+3)u?—l}, ete. 


On putting » = 0 in (2) the expansion 


1 +1),, 0 
n m 
(1-+-h?)™ h Tart n(O ) 


is obtained; from this it follows ae if n is odd, 
= 0, 


while, if n is even and equal to 2p, 


Again, if the left-hand side of (2) is written as 
(1—ph)?} 


then, by (6), it is equal to 


T(t) wz, T(2m+n+1) 
2”T'(m-+$) n! m'tn(9) 
n= 


Thus, on equating the coefficients of h”, we have 


n 


f= 


J 

(5) 
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By changing the order of summation and applying (7) and (8) we 
deduce that 


(sin 8)" 


mrn 


n(n—1) n(n—1)(n—2)(n—38) 
x 32m +2) -4(2m-+2)(2m+4) tan*é—...'. (10) 


2. Next, consider the determinant 


. 
on(#) | 
It will be shown that it is a constant multiple of 


(1— po?) +1). 


The case in which m = 0 was stated, with some misprints, by 
Ferrers.* 
Take any ortho-symmetrical determinant 


a 4a, 


I= 


and let a,, denote the element in the (7+ 1)th row and the (s+-1)th 


column, so that 
A, s = Ais: 


Then, starting with the right-hand column, add to the elements of 
each column multiples of the corresponding elements to the left 
of them, a,, being thus replaced by 6,,, where 


8 
Next, starting with the bottom row, add to the elements of each 


* Ferrers, Spherical Harmonics (1877), 156. 


| 


4 ON ASSOCIATED LEGENDRE FUNCTIONS 


row multiples of the corresponding elements above them, so that 


b,., is replaced by c,,, where 


p=90 
r s 
Y 

p=0 q=0 
Here the coefficient of (—1)?*%u?*4a,,, 5, is the coefficient of 
in (1-+-a)"(1+-2)§ (1-+-2)r+s, 
and is therefore 


r 
Thus 


Co 


n 


n 

In the case of the determinant (11) 
n 
Ch = 2 (14) 
and, on substituting from (9), it is found that the coefficient of 
m 0) 
is unity when r = 0, and 
"C.— n —C,_»— "C(1— 1)" = 0 
for ¢ = ft, 2...., n. Hence (11) is equal to 


n 


| m (0) 7m, (0) 
Tn™(9) 


(15) 


(0) n+1(9) Tint en(9) | 


m+n 


Note. When m = 0, the result may also be obtained by substituting 
from Laplace’s first integral in (14). 


n 
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THE FIGURE OF SIX POINTS IN SPACE OF 
FOUR DIMENSIONS 


By J. BRONOWSKI (Hull) 
[Received 9 October 1942] 


THE notes which follow have grown from letters which passed 
between Professor J. G. Semple and me during the last year, and 
which were themselves prompted by a paper published by the former 
in 1932. At Professor Semple’s request, these notes bear only one 
name; nevertheless, I should like to record that they owe as much 
to his searching comments and suggestions as to mine. 

We use the following notation throughout. A,,..., A, are six points, 
assigned in general positions in a space s of four dimensions. There 
is then a triply infinite system (q) of normal rational quartic curves 
through A,,..., Ag. There is also a fourfold infinity (r) of cubic 
primals in s which have nodes at A,,..., Ag. Through a general point 
in s passes one curve of the system (q); and this curve lies wholly 
on every primal of the system (r) which passes through the point. 
A general primal R, chosen from the system (r), is therefore filled 
by a doubly infinite sub-system (Q) of curves of the system (q). 

I. Lines on A R or (r) 

1. It is well known that a general six-nodal cubic primal in s, such 
as R, can be projectively generated: there being two complementary 
types of generation.* R accordingly contains three unconnected, 
irreducible, doubly infinite systems of lines. Two of these are com- 
plementary, projectively generated systems (m,), (m,), one line of 
each of which passes through a general point of R. The third is 
a system (c) which is not projectively generated; four lines of this 
system pass through a general point of R. The arrangement of lines 
can be studied simply by projecting R from one of its nodes, say Ag, 
on a three-dimensional space R’. The neighbourhood of this node 
is then represented in R’ by a quadric surface aj. The lines of R 
through the node are represented by the points of the sextic curve 
on a, which has nodes at the projections Aj,..., 4; of Aj,..., A;: that 
is, by the points of the two twisted cubic curves Mj, My of ag which 
pass through these five projections. Therefore the prime sections of 


* See, for example, T. G. Room, The Geometry of Determinantal Loci 
(Cambridge, 1938), 105-6 and 98-101. 
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R are represented in R’ by the cubic surfaces through M; and M3. 
The system (Q) of those quartic curves of (¢g) which lie on R is repre- 
sented by the system of all twisted cubic curves (Q’) in the space 
R’ which pass through Aj,..., 4;. Then the projectively generated 
systems of lines (m,), (m,) of R are represented by the systems of 
chords (m,), (m;) of M; and M, respectively; and the system of lines 
(c) of R, which is not projectively generated, is represented by the 
system of common transversals (c’) to M; and M,. 

Any Jine of the three-dimensional space R’ is chord to one twisted 
cubic through Aj,..., 4;: namely, to the residual intersection of the 
pencil of quadric surfaces through the line and these five points. 
Therefore each line of (c’) is chord to one cubic of the system (Q’), 
which is neither M; nor M,; whence each line of the system (c) on 
R is chord to one quartic of (Q). Conversely, given a cubic Q’ of 
the system (Q’) in R’, there is one chord of Q’ which is also a common 
transversal to M; and Mj: namely, the residual intersection of the 
quadric surface through Q’ and M, and the quadric surface through 
Q’ and M3. Therefore each quartic curve Q of the system (Q) on 
R has one chord lying wholly on R. 

But a line in R’ which belongs to the systems (m;) or (m,), being 
a chord of M; or M,, is therefore not a chord to any other twisted 
cubic through Aj,..., As. Therefore a line of the systems (m,) or (mz.) 
on R# is certainly not, in general, chord to any quartic of (Q). It 
might nevertheless seem possible that there are lines of (m,), each 
of which is chord to a curve of (Q), lying on the conical sheet which 
joins M; to A,. In fact, however, this cannot be so. For a chord 
of any curve of (g) imposes three conditions on the primals of (r) to 
contain it: the single condition to contain the curve, and two further 
conditions to contain two other points of the chord. Hence, through 
any chord of a curve of (q) passes a pencil of primals of (r); and it 
is one further condition for a primal of this pencil to contain the 
conical sheet joining the curve to, say, A,. Since the primal which 
fulfils this condition is that filled by chords of the curve, on which 
the curve is double, there is no proper six-nodal primal of (r) with 
the supposed property. In summary, 


On the six-nodal cubic primal R in four dimensions, the system of lines 
(c) which is not projectively generated consists of chords of those rational 
quartic curves (Q) through the nodes which lie on R: there being one curve 


i 
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of (Q) which has a given line of (c) for chord, and one chord of each curve 
of (Q) which lies on R. No line of the projectively generated systems (m,), 
(m,) on R which does not pass through a node is chord to any curve of (Q). 


This may be restated as: a line in s which is chord to a curve of 
(q) lies in a pencil of primals of (r), on each general primal of which 
it belongs to the system of lines which is not projectively generated. 


2. A plane p in s meets R# in a plane cubic curve w, which is 
common to the pencil of prime sections of R traced by the primes 
through p; and one of these prime sections contains Ag. These prime 
sections are represented in the space R’ by cubic surfaces which have 
in common, in addition to M; and M3, a plane cubic curve w’; and 
the plane p’ of this curve makes up, with the quadric surface aj, one 
such cubic surface. If p is trisecant to the quartic curve Q of (Q) 
on R, then p’ meets the corresponding twisted cubic Q’ of (Q’) in 
R’ at three points which lie on w’. Thus each plane p’ in R’ is the 
projection from A, of a double infinity of planes of s, each of which 
is trisecant to one curve of (Q) on R; the section w of R trisecant 
to such a curve Q projecting into the cubic w’ determined by the 
nine points in which p’ meets Mj, Mj, and Q’. And these nine points 
in p’ are never associated, because six of them lie on the conic traced 
on p’ by ag, and the remaining three are never in line. 

Suppose now that the plane p, trisecant to Q, contains a line of 
R. If this line meets Q, it may belong to any system on R. For 
through any line in s passes one trisecant plane to each curve q of 
(7) which meets the line: since the line has one residual intersection 
with the cubic primal, on which this curve q is double, filled by all 
chords of this curve g. But, if the line of R does not meet Q, the 
section w of R by the plane p consists of this line and a conic trisecant 
to Q. Then the projection p’ of p meets M;, Mj, and Q’ in nine 
points, the cubic w’ through which consists of a line and a conic 
trisecant to Q’. This line in p’ cannot then be a line of the system 
(c’), meeting M; and M,. For, if it were, the conic in p’ through 
the three points on Q’ and the remaining two points on M,; would 
also contain the remaining two points on M3; and the quadric surface 
through Q’ and M; would have this conic in common with the 
quadric surface through Q’ and M3. Hence through a line of the 
system (c) on # passes no trisecant plane of any curve of (Q) except 
those curves which meet the line. 
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On the other hand, consider in R’ any chord m; of Mj, and any 
twisted cubic Q’ of the system (Q’). The quadric surface through 
Q’ and M; meets M; residually in one point. The join of this point 
to m, is therefore a plane p’ whose seven intersections with Mj, M3, 
and Q’, other than the two intersections common to m,; and Mj, lie 
on a conic. Hence through any line of the system (m,) on R, and 
similarly through any line of the system (m,) on R, passes one 
trisecant plane to each curve of the system (Q) on R. 

Moreover, the trisecant planes through any one line of (m,) or (m,) 
are all distinct. In fact, no plane p in s which does not pass through 
one of the points A,,..., Ag can be trisecant at once to two distinct, 
irreducible curves of (q). For, if it were, the two curves would pro- 
ject, from one of their common transversals in p, into two distinct, 
irreducible plane cubics with a common node and six other common 
points. Therefore the trisecant planes through one line of (m,) or 
(m,) to the double infinity of curves (Q) on R form a system which 
is genuinely doubly infinite. This system must of course form part 
or whole of the doubly infinite system of all planes in s through the 
line. But the latter system, being linear, has no doubly infinite 
sub-system other than itself. Hence the two systems of planes 
through the line coincide, and every plane through a line of (m,) or 
(m,) on FR is trisecant to one curve of (Q) on Rk. In summary, 


Through each line of the projectively generated systems (m,), (m,) on 
the six-nodal cubic primal R in four dimensions, there passes one 
trisecant plane to each of those rational quartic curves (Q) through the 
nodes which lie on R; and any plane through such a line is trisecant 
to one such curve. Through a line of the system (c) on R, which is not 
projectively generated, passes no trisecant plane of any curve of (Q) 
except those curves which meet the line. 


This may be restated as: a general line in s lies on one primal of 


(r), on which it belongs to one of the two projectively generated systems 
of lines; and the primal is filled by the curves of (q) trisecant to the 
planes through the line, there being one curve for each plane. 


3. We remark one simple corollary to what has just been proved. 
Consider a general plane p in the four-dimensional space s: and 
choose in p a general line. Through this line passes one primal of 
(r), on which lies one curve of (q) which is trisecant to the plane p. 
Since p cannot be trisecant to a second curve of (q), we obtain the 
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same curve of (q), whatever general line we choose in p. That is: 
a general plane in s is trisecant to one curve of (q). 


II. TrisecANT PLANES OF THE CURVES (q) 


4. We can also obtain a converse to this corollary. Consider a 
general plane p in the four-dimensional space s: there is one curve 
of (q), say q,, trisecant to p; and this curve lies on every primal of 
(r) which contains a line lying in p. Conversely, among the triple 
infinity or web of primals of (r) which contain this curve q, of (q), 
there is one primal through each general line in a trisecant plane p 
of q,. We restate this fundamental result thus: 


The web of cubic primals in four dimensions with six assigned nodes 
which contain an assigned rational quartic curve through the nodes meets 
any trisecant plane of this curve in a web of plane cubic curves, such 
that each line in the plane belongs to a curve of this web. 


5. We study the web of plane cubic curves in such a trisecant 
plane p of q, in greater detail. Since the web is traced on p by 
primals of (r) through g,, every plane cubic of the web passes through 
the three points, say X, Y, Z, in which p meets q,. Consider the 
net of these cubics which pass in addition through another assigned 
point U in p; and choose from this net two cubics which contain each 
a different line through U. The conics residual to these two lines 
have in general one common point, in addition to X, Y, Z: say V. 
Then there is at least one other cubic of the net through U which 
also contains V, namely, that containing the line UV. And this cubic 
does not belong to the pencil determined by the two reducible cubics 
chosen initially, since it cannot in general contain their nine inter- 
sections. Hence three independent cubics of the net through U also 
contain V: and so therefore does every cubic of the net. That is, 


The six-nodal cubic primals in four dimensions which contain a 
rational quartic curve through the nodes trace, on every trisecant plane 
of this curve, a web of plane cubics which is involutory: namely, such 
that the curves of the web through a point U in the plane also contain 
another point V in the plane. 


It is trivial to observe that similar reasoning would hold a fortiori 
if the conics residual to two lines through U were to coincide; and 
U would then give rise to three points V on this conic. In fact, 
therefore, this case cannot arise. 
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6. Consider now the net of primals of (r) which pass through q, 
and through the curve q, of (q) which contains the general point U 
in the trisecant plane p of q,. This net of primals has in common 
a curve of order twenty-seven, having eightfold points at A,,..., Ag. 
Part of this curve is formed by the fifteen lines A; A; (i, 7 = 1 
t ~ Jj) which lie on every primal of (7); and part is formed by the 
quartic curves g, and g,. The residual intersection of the primals of 
the net is therefore a quartic curve through A,,..., Ag which, by what 
has been proved, contains the point V in p which corresponds to U 
in the involution of pairs of points in p. Hence this residual inter- 
section is precisely the curve q, of (q) which contains this point V. 
That is: if ¢,, do, YJ, are the intersections, in addition to the lines 
A; A,;, of a net of primals of (r), then every trisecant plane p of one 
curve of this symmetrical set, say q,, which meets a second curve 
of the set, say g,, necessarily meets the third curve q, of the set. 
This is the well-known theorem* of three associated quartics in four 
dimensions, in the stronger form due to Professor Semple. 


7. It will be noticed that the proof just given of the theorem of 
three associated quartics requires only one result from section I: that 
obtained in §4. The proof could therefore be made independent of 
section I, if the result of §4 were proved independently. This can 
be done in a number of less searching ways, of which I sketch the 
most direct. Namely, by choosing the simplex of reference in s to 
have vertices at A,,..., 4; and unit point at A,, we can write the 
equation of every primal of (r) in the form 

> Ao = 0, 
summation being over the five cyclic arrangements of the suffixes. 
We can also write the general point (2p, 7,,...,%,) = 2(@) of a quartic 
q, of (q) as 
= : b,/(O—b,) : ... : 


6 being a parameter which takes the values 5,, bg,..., b;, 0 at Aj, 
y ees A;, A, respectively. We then consider a trisecant plane p 
joining the points X = 2(0,), Y = x(@,), Z = x(@3) of q,; and three 


* ©, G. F. James, Proc. Cambridge Phil. Soc. 21 (1923), 664-84; W. G. 
Welchman, ibid., 28 (1932), 275-84; H. G. Telling, ibid., 28 (1932), 403-15; 
D. W. Babbage, ibid., 28 (1932), 421-6; and the next reference. 

+ J. G. Semple, J. of London Math. Soc. 7 (1932), 266-71. See also the next 
reference. 
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general collinear points on the chords YZ, ZX, XY of q, in this 
plane, say the points 

A fairly straightforward rearrangement then shows that the three 
conditions for a primal of (7) to contain these three collinear points 
in the trisecant plane p of q, ensure, further, that the primal neces- 
sarily coritains g,. The result given in §4 follows at once. Other 
less interesting results (not used here) follow; such as that the 
tangent primes at the point X of qg, to the pencil of primals of (r) 
which contains the chord YZ of q, all pass through YZ; and so on. 

8. Finally, it may be remarked that the necessary step from § 4 
to §5 can also be taken algebraically. Namely, it can be shown that, 
with XYZ for triangle of reference in p, and with a suitably chosen 
unit point, a web of cubics through X, Y, Z which contains every 
line of p necessarily has equation 

hy wyz+-hy x(y? +27) +h, = 0; 

this web containing every line tz+-uy-+-vz = 0 of the plane, in virtue 
of the identity 


vary) 


= )ayz+ uva(y?+2?) + 2) + 
And the curves of this web necessarily contain, with the point 
U = (a,b,c), the point V = (1/a,1/b,1/c). This is one of the elegant 
suggestions made to me by Professor Semple. 


III. REPRESENTATION ON THE SEGRE PrimaL K 

9. It is natural to seek to represent in one diagram the figure of 
six points A,,..., A, in s, the construct of rational quartic curves (q) 
‘through them, and the construct of cubic primals (r) with nodes 
there. We shall show that this can be done by representing each 
curve of (q) by a point of a ten-nodal Segre cubic primal K in another 
four-dimensional space. This representation has already been ob- 
tained briefly by D. W. Babbage, in the course of a more searching 
investigation* of a generalization of the configuration. We study 
the representation in detail, however, in order to trace the relation 
between the reducible curves of (q) and the familiar special elements 
of K. It will be seen that this relation allows us to name the Segre 


* D. W. Babbage, Proc. Cambridge Phil. Soc. 33 (1937), 293-300 (294). 


ky 
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configuration of fifteen planes and ten nodes of K by sets respectively 
of two and of three symbols from 1 6, namely from the points 

A,. What follows therefore forms an interesting addition to 
the derivation of the Segre configuration from six symbols, repre- 
senting points in four or in five dimensions, given by H. W. Richmond 
and H. F. Baker.* 

We first introduce a subsidiary representation, as follows. Let 
each curve of (q) be represented by the single free point in which 
it meets a fixed three-dimensional space e through A,, A,, As. Then 
each primal of (r), regarded as a doubly infinite system of curves of 
(q), is represented by its intersection with e; namely, by a cubic 
surface in e having nodes at A,, A,, As, and having simple base- 
points at the three intersections B,, B,, B, of e with the three lines 
A; A,, A, Ay, A,A; respectively. These cubic surfaces form a simple 
linear system of freedom four and of grade three, and therefore 
represent the prime sections of a cubic primal in another four- 
dimensional space. This cubic primal has ten nodes, arising from 
the nine lines A; B; (i, 7 = 1, 2, 3) in e, and from the unique twisted 
cubic curve in e through A,, A,, As, B,, B,, Bs. It is therefore 
a Segre cubic primal, say K. 

Thus the cubic primals of the system (r), each regarded as a doubly 


infinite sub-system of curves of the system (q), are represented by 


the prime sections of a Segre cubic primal K. The variable inter- 
section of three general primals of (r) therefore consists of three 
curves 41, Yo, Y3, Which are represented by three collinear points 
P,, P,, P, of K. Conversely, three collinear points of K represent 
three such curves, common to a net of primals of (r), and therefore, 
by $6, associated in the familiar meaning. 

10. Consider now the rational cubic cone of lines (that is, the 
conical sheet or surface) which joins the point A, to a curve of (q). 
Its variable intersection with a variable primal of (7) consists of a 
single, variable curve of (q). It is therefore represented on K by 
a curve which meets a variable prime section of K in a single, variable 
point of K: that is, by a line lying wholly in K. Through each 
general point P of K there therefore pass six such lines, representing 
the joins of the corresponding curve q of (q) to the six vertices 

* H.W. Richmond, Quart. J. of Math. 31 (1900), 125, and Math. Annalen, 


53 (1900), 161; and H. F. Baker, Principles of Geometry, vol. 4 (Cambridge, 
1925), chs. 5 and 7. 


& 
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A,,..., Ag. The lines of K thus fall into six systems, which can be 
numbered 1, 2, 3, 4, 5, or 6, according as they represent cubic conical 
sheets with vertex A,, A,, As, Ay, A;, or Ag. Each such conical sheet 
is the base of a net of primals of (r). Every net of this kind is of 
course exceptional, in having for its base, in addition to the fifteen 
lines A; A; (i, j = 1,..., 6; AJ), a single infinity of curves of (q), 
in place of three curves of (q) related as are q,, qo, 3. 


11. We next consider those curves of (¢g) which are reducible. 
First, consider the curves of (¢) which have the line A, A, as part. 
The residual part of each such curve is a twisted cubic curve through 
A,, Ay, A;, Ag which meets the line A, A,, namely at its intersection 
C,, with the solid A,A,A,;A,. There is a double infinity of such 
curves, represented by the points of a surface lying in K. The order 
of this surface is the number of its intersections with two variable 
prime sections of K: that is, the number of such curves common to 
two variable primals of (r). Each primal of (r) meets the solid 
A,A,A,; Ag in a cubic surface having nodes at As, Ay, A;, Ag, and 
passing through C,,; and two such cubic surfaces have in common 
one twisted cubic curve through Ag, A,, A;, Ag, and C,,. The required 
number is therefore one, and the required surface on K is a plane, 
to which we can attach the symbol 12. The reducible prime sections 
of K through this plane 12 represent reducible primals of (r), each 
consisting of the solid A,A,A,;A, and of a quadric cone through 
A;, Ay, A;, Ag with line-vertex A,A,. Any exceptional net of 
primals of (r) through a cubic conical sheet with vertex A, includes 
five such reducible primals, the quadric cones of which have line- 
vertices A,A,, A, Asz,..., A, Ag respectively. Any line of K of the 
system 1 is therefore incident with the five planes 12, 13,..., 16. 

Secondly, consider those curves of (¢q) which consist of two conics, 
one through the points A,, A,, As, and the other through the points 
A,, A;, Ag; the conics meeting at the common point D,., of the 
planes A, A, A, and A,A;A,. Every primal of (r) through two such 
conics has a seventh fixed node at D,.3, which imposes only one 
condition; every such primal is therefore represented by a prime 
section of K with a fixed node, which is a node of K, and to which 
we can attach the symbol 123 = 456. The double infinity of points 
of K in the neighbourhood of this node 123 represents the double 
infinity of reducible curves of (q) which consist of a conic through 
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A,, Ay, Ag, D,23 and of a conic through A,, A;, Ag, D,.3. This double 
infinity contains six subsidiary single infinities of curves of (¢) which 
are further reducible: typical of these is the single infinity of curves 
of (¢g) which consist of the line A, A,, the line A, D,.3, and a conic 
through A,, A;, Ag, Djs. Since each of these latter curves of (q) 
has the line A, A, as part, the node 123 of K lies in the plane 12. 
Similarly, the node 123 of K lies in the planes 23 and 31; and, since 
123 = 456, it also lies in the planes 45, 56, 64 of K. The plane 12 
therefore contains four nodes, 123, 124, 125, and 126 of K. This 
completes the Segre configuration. 


12. A general prime section of K is a cubic surface f, fifteen of 
whose lines are sections of the fifteen planes 12, 13,..., 56; and the 
remaining double-six of whose lines consists of six pairs 1, 1’, 2, 2’,..., 
6, 6’, one pair taken from each of the six systems of lines on K. 
This is a familiar derivation of the Schlafli notation for the twenty- 
seven lines on a cubic surface. But it is here related, in an interesting 
way, to the special elements among those curves (Q) of (q) which 
lie on the primal R of (7) represented by the cubic surface f. Namely, 
R contains fifteen single infinities of reducible curves of (Q), each 
having for part one of the lines A;A;. And R contains six pairs of 
cubic conical sheets, each pair having its common vertex at one point 
A;: for example, the sheets joining the curves Mj, My of §1 to A, 
are represented, in this notation, by the lines 6, 6’ of f. The incidences 
of the lines of f, and their other double-sixes, can thus be readily 
verified from the configuration of reducible curves of (Q) and cubic 
conical sheets on R. 


13. A line in s which does not pass through one of the points 
, A, has three variable intersections with the primals of (r). 
The curves of (¢) which meet the line are therefore represented by 
the points of some rational cubic curve on K. In general, this is 
a twisted cubic curve, whose space defines one prime section f of K, 
representing the one primal FR of (r) through the line. By the repre- 
sentation of R discussed in § 1, the lines of the projectively generated 
systems (m,), (m,) on R are chords of one of the two cubic conical 
sheets represented on f by the lines 6, 6’. Hence the lines of the 
system (m,) on R are represented on f by that system of twisted 
cubices which have for chords, say, the line 6, and similarly the lines 
1, 2, 3, 4, 5; but which do not meet the lines 1’, 2’, 3’, 4’, 5’, 6’. 
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Similarly, the lines of the system (m,) on R are represented by the 
twisted cubics of f which have for chords 1’, 2’, 3’, 4’, 5’, 6’; but which 
do not meet 1, 2, 3, 4, 5, 6. In particular, we note that, of course, 
not every twisted cubic on f and K represents a line on R and in s. 

If, however, through the given line in s passes a pencil of primals 
of (r), the corresponding cubic in K is plane; whence, since it is 
rational, it has a double point P. This double point may lie at a 
node of K, say 123; and the line in s then passes through D,,3, the 
pencil of primals of (r) through it each having a node there. Or 
the double point P may be a general point of K, and the line in s is 
then a chord of the corresponding curve q of (q). In particular, the 
tangent prime to K at P traces on K a prime section which repre- 
sents that primal of (7) which is filled by the chords of g. We note 
that every plane cubic traced on K by one of its tangent planes 
represents a line in s, namely a chord of some curve of (q); but not 
every plane section of K traced by a plane through one of the nodes 
of K represents a line in s. And we add that the representation on 
K can be used in this way to regain most of the results of section I. 


14. Finally, any plane p in s is met by a double infinity of curves 
of (¢), represented by the points of a rational surface on K. A cubic 
conical sheet joining a curve of (q) to one of the points A,,..., Ag 
meets the plane p in three points, and contains the three curves of 
(q), in general distinct, through these three points. Hence every line 
of K, of each of the six systems, meets the corresponding surface on 
K in three points: whence the surface is the complete section of K 
by some cubic primal. Since one curve q, of (q) is trisecant to p, the 
surface has a triple point at the corresponding point P, of K. More- 
over, we have shown that the primals of (r) through this curve q, 
and through any other curve g, which meets p also contain a third 
curve g,; meeting p. Hence the surface representing p on K contains, 
with any point P, of K, the third point P, of K collinear with P, P,; 
whence there is a cubic primal through the surface which is a cone 
with vertex at P,. And a simple consideration of the reducible curves 
of (¢) which meet p shows that the surface also passes through each 
node of K, and meets each plane on K in a plane cubic with a double 
point. That is: any general plane in s is represented on K by a 
surface, traced by a cubic cone with vertex on K which contains the 
ten nodes of K and touches its fifteen planes. And so on. 
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1. In this paper we shall consider some consequences of the Riemann 
hypothesis and of another related hypothesis. 
A well-known theorem* states that, without any hypothesis, 


ae + O(log t) 
8—p 


where p = B+ ty are the zeros of f(s). On integrating with respect 
to s, we obtain 
logf(s) = > )+ O(log t), 

where log{(2+-7t) has its principal value, and log{(s) is obtained 
from this value by analytic continuation along the straight line from 
2+-it to o+it, avoiding any zeros occurring on the line by small semi- 
circles above it; and the other logarithms have their principal values. 

We begin by considering what improvements can be made in these 
formulae on the Riemann hypothesis. We use the first lemma (due 
to Landau) of § 1.41 of my tract, with 


where 6 = 1/loglog 7’. By Theorem 64 of the tract 
Alog T 
| P loglog 7')’ 


A log 7 


and < ex 

P T 
for |s—s,| <r, o >}. For |s—s)| <r, o < the functional equa- 
tion gives 


IL(s)| < < AP ex x0 


loglog 7' loglog T' 


* Landau’s Handbuch, § 84; Titchmarsh, The Zeta-function of Riemann 
(Cambridge, 1930), § 1.83. (I shall refer to this as ‘tract’.) 


f(s) ( So <2), (1.1) 
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The argument of the lemma therefore shows that 


log 
iis) = (|s—8| < 8v3/2), 


f(s) 


In particular, this is true for } < o < $486,¢= T. 
Now, by Theorem 64, 


log T' 
= 


Also 


1 
73° < |8—p| < A, 


and so, if the logarithm has its principal value, 


Hence 


log(sg—p) = O(log 3) = O(logloglog 7’). 


Also the number of values of p such that |sy—p| < 28/v3 does not 
exceed 


2 _ 2 logT \ _ log 


by Theorem 62 of the tract (due to Littlewood). Hence 


0 log T logloglog T’ 
loglog 


log(sp—p) = 


log T logloglog 


logt(s)= 


|8—p|<28/¥ 
for} <o<}+6,t=T 
This is also true for }+8 < o < 2, since, by Theorem 64, 


log T’ 
log = 7) 


in this region, and (as in the case of the other sum) 


log T logloglog =} 
log(s—p) = O 

3695.14 


17 
Hence 
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Also |7’—y| < 8 if |s.—p| < 28/v3. Replacing by we therefore 
obtain the result 
log t logloglog ) 
] = log(s— 1.3 
08 £(6) B(s—p)+ loglog t 
uniformly for } < o < 2. 
For £’(s)/C(s), the lemma of § 1.41 gives similarly 
= ——-+ O(log t). (1.4) 
2. On the Riemann hypothesis, each interval (T, 7T'+-1) contains a 
value of t such that 


> exp(— 


|t—v|<1/loglogt 


<2). (2.1) 


loglog 
This corresponds to Theorem 18 of the tract. Taking real parts 
in (1.3), 
log t logloglog t 
= ] ls— O — 


log t logloglog 
log |t—y|+0O 
loglog t 


|é—y|<1/loglogt 


log t logloglog 

> 

= 1/loglog 7. Now 
min(y+8, 7'+1) 


log|t—y| dt = log|t—+y| dt 
\t—yi<d T—d<ysT+1+8 

log|t—y| dt 


T- 


1 
(Slog ) °8 5 og 
since there are O(log 7’) terms in the sum. Hence there is a ¢ for 


which log T logloglog T' 


log |t— —A 


|jt—yl< 


and the result follows. 
In particular, if ¢« is any positive number, each (7', 7'+-1) contains 
a t such that 1 


ifT <t 

3 T+1 

! 
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3. Let* M(x) = > p(n), 


where y(n) is the Mobius function. Then, on the Riemann hypothesis, 
there is a sequence T, (v < T, < v+1) such that 


M(x) = > = 


(2n)!nf(2n-+1) 


if x is positive and not an integer. If x is a positive integer, M(x) is 
to be replaced by M(x)—4 (2). 


In writing the series we have supposed for simplicity that all the 
zeros of {(s) are simple; obvious modifications are required if this is 
not so. 

For a fixed non-integral x, a well-known lemmaj gives 


1 
Ma) =x; +0(5) 
2-iT 


If x is an integer, }u(2) is to be subtracted from the left-hand side. 
By the calculus of residues the first term on the right is equal to 


lyi< 


—-2N-1-iT -—2N-1+iT 2+iT 
| + | 
—2N-1+7 


—2N~1-iT 
where 7' is not the ordinate of a zero. Now 


—-2N-1+iT 2N+2+i7T 
gi-s 


de= 
sC(s) _ (l—s)e(1—8) 
-2N-1-iT 2n+2-ir 
aN+2+iT 


(1—s)cos $87 T'(s)f(s) 
2N+2-iT 


* The results of this section and the following one are closely connected 
with those of A. E. Ingham, American J. of Math. 64 (1942), 313-19. I had 
not seen Ingham’s paper when I wrote mine, but as the methods are different 


I have left mine unaltered. 
+ See B. M. Wilson, Proc. London Math. Soc. (2) 21 (1922), 239. 
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Hence the integral is 


2N+2 | 
7 


which tends to zero as N — o, for a fixed 7’. Hence we obtain 


—o-iT 


(—1) n—1 (277/. 
2n)!nf(2n+1) 


| (1—s)cos $s7T'(s)C(s) 


2+iT 


io = (7): 


Also by (2.2) we can choose 7’ = 7), (v < T, < v+1) such that 


ds 


Hence, for —1< 


Hence OTs}. 
s¢(8) 
—1+iT, 
Similarly for the integral over (2—i7',—oo—i7’); and the result 
stated follows. 
It follows from the above theorem that 


] 
> 


is divergent; if it were convergent, 
po'(p) 


would be uniformly convergent, and M(x) would be continuous. 


20 
Here 4 
| 
2+iT 
; [ + | ds 
2-iT —o+iT 
: Also 
x8 i gi-s 
——ds = = = |_| 
—o+iT 2+iT 
1 
o < 7, 
{ ) 
— = 
2+iT,y 
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4. The order of M(x) 
It is known that, on the Riemann hypothesis, M(x) = O(2'+), 
and it has been conjectured* that 
M(x) = O(2'). (4.1) 


The problem of M(x) has a certain similarity to that of ¥(x)—z, for 
which the analogue of (4.1) is false. In fact, a well-known theorem 
of Littlewood} states that 
= Q(z! logloglog z), (4.2) 

and it might be supposed that (4.1) could be disproved in a similar 
way. We shall show, however, that there is an essential difference 
between the two problems, and that the proof of (4.2) cannot be 
extended to the case of M(x), at any rate in any obvious way. 

The proof of (4.2) depends on the fact that the real part of 

y>0 
is unbounded in the neighbourhood of z = 0. To deal with M(x) in 
the same way, we should have to prove that the real part of 

=, 
is unbounded in the neighbourhood of z = 0. This, however, is not 
the case. For consider the integral 


1 


taken round the rectangle (—1, 2,2+77,, —1+iT7,), where the T, are 
those of the previous section, and an indentation is made above 
s = 0. As before, the integral along the upper side of the contour 
tends to 0 as v > oo, and we conclude that 


—1+io 


2 
l 1 
Ie) = J atte) | 


The last term tends to a finite limit as z > 0. Also 
(s = z= 2+ty; x > 0), 


* See ‘tract’, § 5.22. 
+ See A. E. Ingham, The Distribution of Prime Numbers, ch. v. 
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] 


Hence the second term is bounded as z > 0 (R(z) > 0). The first 


term is equal to 


Now, if n > 1, 

e(iz—log n) esiz— og n) estiz— og n) 

ds = : + 
s(iz—log n) |, (iz—log n) 


8 


and | n) | — e—2y-tr—2logn < n-e-2 


esiz—log n) 1 
Hence | ds = (sea) 
s n* log n 


uniformly in the neighbourhood of z = 0 (R(z) > 0). Hence 


> | 


=2 
2 


ds = O(1). 
n° 


8 
If z = re’, we have 
2+t0 
| — ds 


8 


2 


] 
Hence f(z) = + Ol ), 


and consequently R f(z) is bounded. 


5. The average order of M(x) 
It is known* that, on the Riemann hypothesis, 


dx = O(log X). 


* H. Cramér, Math. Zeitschrift, 12 (1922), 147-53. 


22 
Ini >, | 
= n=1 2 
4 
) 3 
isz 4 
+ | 
8 
a 
= O(1)+ | dd 
J A 
1 
= log! +0(1) 
1 
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This suggests that it would be of some interest to investigate the 

hypothesis x 
2 

[ (A) dx = O(log X). (5.2) 

This would obviously follow from (4.1), so that we are assuming less 

than (4.1). But (5.2) implies the truth of the Riemann hypothesis; 

for it involves the uniform convergence of the integral in (5.3) in 

any finite region to the right of o = }, as the following argument 
shows. 

If (5.2) is true, all the zeros of (s) on the critical line are simple. 


We have 
Sem _ < 11 )_, 


for o >1; and on the Riemann hypothesis this holds by analytic 
continuation for « > 4. Hence 


ae { 1 


< of f dx | ia dx} . 
1 1 


1 


Hence ie) = | 


Let p be a zero, and s = p+h, where h > 0. Then o = $+4, and 


hence l 
— 5.4 
C(p+h) ( h 


Then 1 
1 1 


q 
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This would be false for h > 0 if p were a zero of higher order than 
the first, so that the result follows. 
Multiplying each side of (5.4) by 4, and making h > 0, we obtain 
1 


= O(\p)). 5.5 
Pp) p|) (5.5) 
We can, however, prove more than this. 
I ) is true, — 5.6 
|po’(p)|* 


is convergent. 


This follows from an argument of the ‘Bessel’s inequality’ type. 
It can be proved by — the inequality 


M(x 
5.7 
but the calculations are simpler if we start instead from 


where 5 > 0. I owe this simplification to Mr. A. E. Ingham. 
The right-hand side of (5.8) is equal to 


M*(x) 1 f 
dx + 


1 


(a)aP 


| yi<T 


) de 
iy PS'(p) +8) 
by (5.3). Now multiply by 5 and make § > 0. We have 
—1 (p' =1~), 
0 (p’ £1—p), 
5 
(1—p)6"(1—p) 


and 


; 

| 
q 

al 
| | 
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But, as before, (5.2) implies 


1 
[aa 


1 


1 
H A 


for all values of 7’, and the theorem follows. In particular 


1 
= (|p|). 


It is possible that as X > 00 
x 


J ae ~ log X > 


but this does not seem to follow from (5.2). 
6. If (5.2) is true, then* 
1 A log*t 
Suppose that the interval (t—t-*,t+¢-*) contains y, the ordinate 
of a zero. Using (5.5) and 
= O(t) 


we obtain 


4 —At|t—y| > 
t 


Suppose on the contrary that (t—t-*,t+-t-*) is free from ordinates 
of zeros. Taking real parts in (1.3) 


log|£($+i)| = 


loglog t 


* This is a more precise form of a theorem of Cramér and Landau, Arkiv 
fér Mat. Astr. och Fysik, 15 (1920), no. 28. 


25 
Hence 
M*(x) 
1 
>4 
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There are O(log t/loglog t) terms in the sum, each being now O(log f). 


Hence 
log?t 


But, as proved by nye and Landau, 
>  (t > t). 
The result meri follows. 
7. Let }+-iy, }+-%y’ be consecutive complex zeros of {(s). If (5.2) is 


true, A eg? 


loglog y 


We have 
4 
O= | dt = | dt 
Hence by (5.5) 


loglog t 


by Theorem 64 of the tract, and the functional equation. Taking 


r = l/logt 


loglog t 


and the result follows. 


: < A(y’—y)? max 
3 y<t<y’ 

Now 

(reid) dé 3 
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Introduction 


THE purpose of this paper is the application of a general theory of 
‘continuous Hausdorff methods’, recently published by one of us, 
to the study of summation by ‘typical means’. 
We say that s(x) is summable to the value s by the ‘continuous 
Hausdorff method’ 7' ~ ¢ (or s(x) is summable T' to s), if 
1 
= | a(at) dg(t) (x > 0) (1) 
a 
tends to s as x > oo. The integral (1) is a Lebesgue-Stieltjes integral, 
and ¢(t) is of bounded variation (b.v.) in <0, 1>.{ To determine ¢(¢) 
uniquely we prescribe 


$(1)= 0, P(t) = (O<t<1). 


It is further convenient to define 4(¢) = fort < 0 and ¢(t) = 
fort >1. 

We use the notation of R. Thus we mean by 7, 2 7, (7, is at 
least as strong as 7;) that ‘s(a2) summable implies ‘s(2) summable 
T,’; by T, ~ T, (T, and T, are equivalent) that T, 2 T, and T, 2 7); 
by 7,2 7, (Z, is stronger than 7;) that 7, 2 7, but that T, ~ 7, 
is false. 

‘Typical means’ are obtained by restricting the choice of s(x) in 
(1) to ‘A-step functions’. Let 0 = Ay < A,... <A, > be a given 
A-sequence. We define a A-step function s(x) by 

= s(x) = & Oy Aqsa): (3) 


The 7'-transform (1) of s(x) is 


(x) = > (4) 


+ (5), quoted subsequently as R. The numbers refer to the list of references 
at the end of this paper. 


{ s(x) is Borel summable and bounded in every finite interval <0, x). 


. 
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n 
If we write s, = > a,, (4) becomes, since 4(t) = 0 for t >1, 
k=0 


The ((a) are called ‘typical means’ of } a,. If they tend to s as 
—>0o, we say that s(x) (or is summable 7 (~ ¢) to the 
value s. Typical means are particularly suited to sum a Dirichlet 
series } a,e-** at s = 0. M. Riesz} was the first to introduce for 
this purpose the special means C) (Riesz means of order x) defined 
by the transforms 


0%) = > (Six > 0). (6) 
Here ¢(t) = —(1—1t)* is of bounded variation and satisfies (2). 


Formula (5) can be used to define typical means formed with any 
function ¢(t) for which ¢(t—0) exists in <0, 1). 

Our problem is the comparison of the strength of various methods 
T* (for a given A-sequence). In particular we shall compare 
T* with C%, where C is the ‘method of ordinary convergence’ 
fie. C ~ c(t), where c(t) = —1 (t <1), c(1) = 0, t(x) = s(x)]. We 
say that 7 is ‘regular’ if 7” 2 0%. 

When ¢(t) is of b.v., one part of our problem is answered by the 
general theory of continuous Hausdorff methods. For 7, 2 7, ob- 
viously implies 7 2 7); and therefore 7, ~ 7, implies TY) ~ TY. 
But it is not possible to conclude from 7, > 7, that 7 > TY. 

In the theory of continuous Hausdorff methods 7’ ~ ¢ the zeros 
of the Mellin transform of ¢(¢), 


1 
T(z) = | dd(t), (7) 
+0 


in the half-plane Rz > 0, play a decisive role.t This is still the case 
for the theory of typical means, but the dependence of the strength 
of a method on the position of these zeros is no longer as simple, 
because the strength now also depends on the particular choice of 
the A-sequence. 

Since all continuous Hausdorff methods are regular,§ the typical 


+ (4). For the theory of the methods C see (2). 
t See (5). § (5), Theorem 1, 


= 

i 
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means (5) are regular, provided that ¢(¢) is of b.v. In §1 we prove 
that this is also a necessary condition for regularity, if we assume 
that A,,,/A, >1. Without this assumption, however, this result is 
no longer true. For the rest of the paper we restrict ourselves to 
the case in which ¢(¢) is of b.v. 

In §2 we give some general theorems about the methods 7. 
A curious feature demonstrated by these is that a zero of T(z) at 
the origin plays an exceptional role. If 7(0) = 0, then 7% > C for 
every A-sequence. This is not true for any other zero of 7'(z). 

In §3, the main part of the paper, we study in detail the special 
methods 


= HY +a, HY ,+...+0,H%, (a, ~ 9), (8) 
where p and q are non-negative integers. The H,, are the Hélder 


means of order k belonging tot 


1 


k-1 
(k>1). (9) 


1 
— de, tale) = 


H, stands for convergence C. Obviously UY) 2 H. Since 
= Hj, 


the continuous Hausdorff method U,,, corresponding to (8), can also 
be written 
U, H, (1+ H, +, Hj+...+-a, H9). 

Now, factorizing the polynomial, 

U, = MEME... 
where M,; = (10) 
is ‘Mercer’s method of index {’ and where 1+, is a root of order 
Py of f(~) = ay a. 
Since H(z) = (1+2)-*, the Mellin transform associated with U, is 

U,(z) = (11) 


Therefore the , are the roots of U,(z) = 0. 
The methods U,, are of considerable importance for the general 


t See (5), (8) of Introduction. 
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theory since most methods T' likely to arise in practice are equivalent 
to some such method. This is a consequence of 


THEOREM A.} Let 


1 
z) =e+ Jes dt. 


Suppose also that there is a p > 0 such that 

(i) the first p—1 derivatives of % = td’ are absolutely continuous 
and |? is integrable in <0, 1); 

(ii) =0(0< k < p—l), #0, where cy = and c, = ¢®(1) 
(kK > 1). 

Then, in Rz > 0, T(z) has at most a finite number of zeros C,, Co,..-5 Sn 
of orders py, Po,---> Pm respectively; and 
Tf ~ U,, = MEM? ... Mr 

It is now possible to describe explicitly the connexion between 
the strength of the method U® and the zeros of U,(z) for a given 
A-sequence. Theorems 6 and 7 are our main results in this direction. 
They can be summed up, roughly, as follows. 

For a continuous Hausdorff method 7' each zero ¢ of T(z) is 
‘effective’ in the sense that it adds to the strength of the method. 
For our methods 0M, however, not all such zeros are effective, in 
general. Only ¢ = 0 is always effective (Theorem 4). For other 
zeros the condition 


—lim(, ,,—A, = 0 (12) 
is sufficient; and for £ ~ 0 the condition ‘ 
RO=£>0, lim(A,,,—A, = 0 (13) 


is necessary for ¢ to be effective. If € > 0, we must also have 
lim ,,,,/A, = 1. The conditions (12) and (13) define two strips S and 
S,. They are bounded by the imaginary axis on the left and by 


log A,, 
log(A A 
y 

respectively on the right, provided that these numbers are non- 
negative. Every zero in S is effective; no zero outside S,, is effective. 

+ (5), Theorems 11 and 12. Our conditions on d have been made, for 
convenience, slightly stricter than necessary. 
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S may be the half-plane € > 0. This is the case, for instance, when 
A,, = log (ordinary Dirichlet series). On the other hand, S and S, 
may not exist. This happens when limA,,,,/A, >1, in which case 
¢ = 0 is the only effective zero. Of particular interest is the case in 
which S = S,. Then S is the exact ‘strip of effectiveness’. We shall 
prove that S = S, ifA,,,,/A,, decreases to 1 (Theorem 9). To illustrate 
the situation we state here the result for Mercer’s method (10) with 
= n (power series). Here p = 0 and S = S, is the strip0 < € <1. 
This gives the following. 
THEOREM B.t The convergence of 
implies the convergence of > a, if and only if either Rl < Oor RE >1. 


This is a curious analogue of the classical result of 


MERCER’S THEOREM.{ The convergence of 
n k 
= 2% — (b+ 1) a,(1— (n > co) 


implies the convergence of > a, if and only if Rl < 0. 


1. Regular typical means 

A continuous Hausdorff method 7' ~ ¢ is always regular.§ For 
such a method ¢(t) is of b.v. From this follows immediately 

THEOREM 1. Jf is of bounded variation, then ~ ¢ is regular. 

Corollary.§ If > a, = 8, then 

(ar) > 0) —4(0)}. 
Hence the conditions of consistency are 
$(0) = ¢(+0) = (1)—1 (= —1). 

The following converse of Theorem 1 is true. 

THEOREM 2. Suppose that ¢(t) is any function for which ¢(t—0) 
exists in <0,1>, and for which, in (0,1), 6(t+-0) exists and 

= 

Tf > 1, and ~ (defined by (5)) is regular, then ¢ is of 
bounded variation in <0, 1). 


+ See also (1), where a simple direct proof is given. 
t (3). § See (5), Theorem 1. 
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Proof. We define the function » = n(x) by the inequalities 
A, <2 <A,,,. Then 


i 
Regularity of 7 implies, by Toeplitz’s theorem,+ 


lim —¢ Me An < M. (a) 
We put 7, = A,/x fork <n. If k < 


—Th = (Ags —Ag)/® < 


so that 0 < Th44—T, MIN} — 
X 


= 

> 

— 

— 


and 7,,,;—7,—0 uniformly in k, as x>oo. Also since 

Now consider any division of <0,1): 0 < t, < < ty... <1. 
For sufficiently large fixed x and for 1<i<r—l, we can find 
integers k; = k(x) and a positive «(x) such that, for all positive 
< €(x), 

<. bisa Tkast1 Triax) < 1. (b) 
Now 


r—1 


+ >  (€) 


kF 
Since = 0)}, we have 
| + +9)| = (d) 
From (b) it follows, since 7;,,,,—7;,—> 0 as 2 — 00, that 
$(7;.,—09) > o(t;—9) and ¢(7;,,,;—0) > d(t;+9). 
Hence, by for 2 
< 


+5 < < —0)— += 


Tt (6). 
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Hence, by (a) and (c), for sufficiently large 2, 


This proves the theorem. 

We should observe that the hypothesis A,.,,/A; 1 cannot be 
replaced by a weaker one such as lim A,,,/A, = 1. 

Let = Ag+], = If we choose ¢(t)=1 for 
0 <t < }, d(t—0) bounded, but otherwise arbitrary for } < t <1; 
then it is easily seen that the transforms (1.1) define a regular 


method 7, 


2. Some general theorems on typical means 
We assume from now on that ¢(¢) is of b.v. and satisfies (2), so 


that 7’ ~ ¢ (and therefore also 7) is regular. 
The following simple remark will be used in the construction of 


step functions having prescribed properties. 

Lemma 1. If {u,} is a sub-sequence of the sequence {X,}, then any 
u-step function s(x) can also be considered as a d-step function for which 
i%(x) and t(x) are identical. 

This follows at once from (3) and (5). 

When 4(¢) is absolutely continuous, 7'(z) > 0 as z > 00 in the half- 
plane Rz > 0 and 7'> C.+ For typical means we have 

THEOREM 3. Suppose that ¢(t) is absolutely continuous. If 
lim = 1, then T® C%, 

Proof. There exists a sub-sequence {A,+} such that Aj,+,,/Ay- > 1. 
We then have lim(A,-,,—A,+)/# = 0 as oo, uniformly for all 
A,» < a (see proof of Theorem 2). We can therefore find a further 


sub-sequence {A,_} such that 
-> (Ax,41—Ax,) > 9- 
<2 
Put s,, = 1 and s, = 0 otherwise. Then, by (1.1) and since 


$(1—0) = = 0, 
k,<n(x) 


+ (5), Theorem 8. 
3695.14 D 


of 
a 
E 
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We should notice that the theorem is no longer true if 

lim A;,.,,/A;, > 1. 
For instance, CY) ~ in this case.t 

TureoreM 4. Jf 7(0) = 0, then T%> C% for every choice of the 
A-sequence. 

Proof. We may assume, without loss of generality, that 

$(0) = (+0), 
since the value of 4(0) does not affect the convergence of (x). Then 
T(0) = $(1)—¢(0) = —¢(0) 

By Lemma 1 it is sufficient to prove that for a suitable sub- 
sequence {y,,} there exists a divergent p-step function s(x) whose 
7-transform is convergent. 

First, let 7'(0) have any value. Choose the sub-sequence so that 


n { |dd(t)| = O(1), (a) 


0 
which is always possible. Let > a, be any divergent series with 
a;, = 0(1) and therefore s, = o(k). Then, if <2 < 


> = = 0(1). 
k<n—-2 


Also 


0) 0)— $(0)|—8,. 1 $(0) 


| |dg(t) 8n-1 8n-1 T(0)+-o0(1). 


Hence, by (1.1), ¥ a, is iii T (to the sum 0), if and only 
if T7(0) = 0. 


Corottary. Suppose TY 2 7%. If T,(0) = 0, then T,(0) = 0. 


For we may choose the p,, so that they satisfy (a) for both methods 
simultaneously. 


tT See Theorem 10. Compare also (2), Theorem 21. 
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THEOREM 5. Suppose that T(f) = 0, where = RE > O. 
Tf = 1+ 0(Az®), then TY C%, 


Proof. Let s(x) = rg 41 Ay < < Then, whatever the value 


of T(2), 
= | —a(0} ag 
+o 
If A, <t < then 
Aes O(log = 9), 
tS—s(t) | (008, (€ > 0). 
i 
(2.1) 


Under our condition on the A, this is 0(1), and therefore 

af = 0(1). 
Hence the divergent function s(x) is summable 7, if and only if 
T(¢) = 0. 


Corotitary. Under the assumptions of the theorem on ¢ and {A,}, 
TY 2 T together with T,(¢) = 0 implies T,(f) = 0. 

The results of the next paragraph show that the condition on the 
A-sequence (which implies A,,,,/A; — 1) cannot, in general, be relaxed. 


3. The methods U 
3.1. We consider the method 
U, = ME: Mt... M7"H,, 
where the ¢, are different numbers with RZ, > 0,f and where p, > 1, 
p > 0 are integers. The number m may be zero. The Mellin trans- 
form (11) has a zero of order p, at ¢,; and, if p > 0, a zero of ‘order’ 
pat Clearly 2 H® for every A-sequence. 
We need three lemmas the proofs of which we have published 
elsewhere. 
LemMA 2. s(x) is swummable U,,, if and only if 
8(x) = 


where o,(x) is summable M7’ and s,(x) is summable H,. 


+ If RL < 0, then Mp ~C. t (1). 
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Lemma 3. o(x) is summable M¥ if and only if 


—} 


A,log’x+7(x) (RE > 0) 


where r(x) converges, 


n(x) = 
1 


and p’ = p when € £0, p’ = p+1 when [ = 0. 


Lemma 4. Suppose that s(x) is summable U, = Uj(x, 
also summable U,, = U,(1)--- Sm), where A xy. Then s(x) converges. 
In particular o(x) tn (3.12) or (3.13) ts not summable MY (x 7 


or H,, unless it converges. 


3.2. We say that the zero ¢, of U,(z) is ‘A-effective’, or, more 
exactly, ‘A-effective of order p,’ (1 < p, < p,), if 


= ~ MPU, (3.21) 


If UW ~ UM, then p, = 0, and ¢, is not A-effective. 
Ta ave J Pi P, os 
We have ~ MEM... (3.22) 


For, if the A-step function s(x) is summable U,, then, by Lemma 2, 
s(x) is of the form (3.11), i.e. 


s(x) = = o,(x)+7,(2), 


where o,(x) is summable M% and 7,(x) is summable U,;. On the 
other hand, by (3.21) and Lemma 2, 


= oF (x)+-7¥(x), 


where o;(x) is summable Mf and 7¥(x) is summable U,;. Hence 


v 


o,(x)—o*(x) is summable U,¢, and summable M*¥, and so, by 


v 


Lemma 4, convergent. Therefore o,(x) is summable Mf, and (3.22) 
follows. from (3.11). 


r=0 

or o(x) = A, log’a+-ax B,n,(x)+7(x) (RC = 0), (3.13) 
r=0 r=1 

> 
“\r—l 
alt) (los dt (x(x) + 0), (3.14) | 
t i 


ON TYPICAL MEANS 37 


6. Let €=R{ >0. Then the root (= ¢,) of U,(z) is 
A-effective of order at least p (< p,), if 
Anat 
—l= ) (3.23) 


nm 


In particular, is d-effective of belongs to the strip S defined by 


Proof. (i) It is sufficient to show that a A-step function 


can be found so that 
= a,(x—a,)” = ab+?(log x)? +-0(x”) (3.25) 
where p’ = p—1 when { + 0 and p’ = p when ¢ = 0. 

For then, if OC is defined by (6), the C,,-transform of s(x) is sum- 
mable but not (Lemma 3). Now, for any g, M}C, ~ M¢H, 
since H, ~C,.¢ Therefore is summable but not 
M¢1H,. A fortiori s(x) is summable 7; but it is not summable 
since otherwise Lemma 4 ‘to the M§~*H,-transform 
of s%(a) (which is summable M;) would lead to a contouliin. 

(ii) The problem of interpolation posed by (3.25) is somewhat 
intricate. It is simplified if we alter the sequence {A,,} by the omission 
of some of its members, so that the new sequence has a certain 
regularity of distribution. This alteration is legitimate by Lemma 1. 


Lemma 5. If (3.23) is satisfied, we can find a sequence {y,} = {A,,} 
with py = Ay = 0, such that for a given integer u 


é p-1 
8, = —1 = (log (3.26) 
Mn 


and 
<4 for ku<man<(k+l)u (k=1,2....). (3.27) 
We take n, = 0, and choose n, so large that A, = 3maxd, < }. 
This is possible, since 6, > 0. We now define the se {n,} in 


+ For this well-known equivalence see, e.g., (5), § 2.3. 
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successive blocks of w letters, by the — 


(k = 1, 2,...; (k—l)jut+l<l< 


where A, = 3 max 6, We then have, for instance, 
i> Mk—-1)ut+1 


/ 


and 


1 = (Ay, —Ay,)/An, < Sp, 
so that 8; < A,(1+8)), and, since A, < }, 

8; < A,/(1—A,) < 2A. 


Similarly, $A, <8; < 2A, for (k—l)u<1l< ku. Hence (3:27) is 
satisfied. 


Ne Ne 


p-1 
Now, by (3.23), A, = Of +s (Og and if 


<1 < ku, 
then 
By = << (14-2 < 
which is obviously true for 1 = (k—1)u+-1, so that 
8; < 2A, = of p+1 (log 
This is (3.26). 
(iii) We now assume that the A, have the properties (3.26) and 
(3.27) of the uw, with wu = p+1. We write 
Adpit) = Ke log = g(x). 
To construct (x) in (3.25) we determine the constants a, by the 


condition that (x) and its first p derivatives are equal to g(x) and 
its corresponding derivatives for x = x, (s = 1, 2.,...); ie. 


Pp 
h 
Lhese r(p-+-1) equations uniquely define the a, (k < r(p+1)) (for 


w Tixed 7 >1), since the determinant of (a) is a product of power 
determinants and hence different from zero. Clearly the a, are 


Ag<Ks 


| 5, 
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independent of r. If we put x,_, = x, 


<K 


l=0 p—h+1 
provided that <x. Clearly = log as 


uniformly in Also, if 0, = 
Hence, by (b) and the definition of p’, 


if < 4x, say. This is the case for large r, if = < 
since, by (3.23), 5,, > 0, and therefore 
= > 1 (d) 
From (a) and (c) (with x = x,) we obtain 
r(p+1)-1 


a, = Ofxé= (e) 


k=(r—1)(p+1) 


where 0 < B, = “rt <1. If k, k;, ky are between the limits of 


summation of (e), and if r > ro, 


B,,—B,, 
> An, > 1 Kyp-1 > 1 
p+ maxd,” (p+1).2.4 


by (d) and the condition (3.27). It now follows, on solving (e), that 
ay, = «,maxd,) = 


for (r—1)(p+1) < k < r(p+1), where d, = max8, for these k. Also 
1 = O(x,_,4,), if <«,. Hence, for these x, by (f) and 
(c) with h = 0, 


= g(x)+0(z?), 
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é 
since d, = ola” P+ i(log x) »*1), by (3.23) and (d). This proves the 


theorem. 
3.3. In order to establish necessary conditions that { should be 
A-effective we need the following 


Lemma 6. Given A > 0 and a trigonometrical polynomial 
n 
P(u) = > c,e**, 
I 


where the c; ~ 0 and the x, are real, there exists a positive constant 
ec = c(P,A) such that each u-interval of length A contains a point uy 
such that |P(uy)| > ce. 


Proof. We may assume that > |c,| = 1, and it is then enough to 
prove that > 
min max |} y,e"%"| > 0. 

For then max |P(u)| >c in every interval of length A, since the 
substitution of u+-h for wu (h real) gives a trigonometrical polynomial 
with |y,| = |c,| and this maximum is attained at a point w, of the 
interval. The above maximum is a continuous function of the y,, 
and therefore its minimum is attained for a set y, = 7;, say. Hence 


n 
c= max |> 7, > 0. 
0susA'l 


THEOREM 7. Let = RC > 0.7 If the root ¢ of U,,(z) is d-effective 
of order p, then necessarily X,,,,/A,, > 1; and also 
p+ 


é 
1—A, (log = 0; (3.31) 


in particular, lim(A,,44—A,, (3.32) 


lim(A 


is a necessary condition for ¢ to be d-effective. 


Proof. It is plainly enough to prove the theorem for a root ¢ for 
which > £, = RC, (lL< v < m) and p > p,, if €,. We may 
assume that ¢ = ¢,. By (3.22) and the equivalence of H,, and C,,, 

UD ~ Me Me... Meco, 


If s(x) is summable U,, its C,-transform is summable 


t The condition € = Rf > 0 is obviously necessary. 


| 
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Me Me rea Me. and hence, by Lemma 2 and Lemma 3, 


m pv 
v=] 8= y=0 s= 


where 7(x) converges, 7, ,(7) is defined by (3.14) with (x) = »(z, v), 
and p, = p, +1, if ¢, = 0, p, = p, otherwise. Furthermore, since Z, 
is effective of order p,, = 0. 

The left-hand side of (3.33) is a polynomial of degree p in 1/z. 
Let A, <2 <A,,,. Choose h (positive or negative) so small that 
A, < +p’h) x < A,,.,, where p’ = p+1. We write down (3.33) for 

x, 2(14+2h)-1, ..., (a) 
and take (p-+1)th differences. Then the left-hand side of (3.33) 
vanishes. To evaluate the right-hand side observe first that the term 
7(x) gives a contribution which is o(1). We calculate next the 
differences of = x$log*x. Clearly 


x x log(1+-h)\* 


= > (—1)(")log 
r=0 


j= 
where re)—() < K,(logx) for x > 2, say. Taking (p+1)th 
differences of f,(x) at the points (a) we obtain, for sufficiently 
small |h|, 
A,(a$ log*’x) = (p+1)! a log*xb,, .,(x)h?+1+ h), (b) 
where 1 
6. = + 
ptt log x}’ 
R(x,h) = logtx b,(x)A”'(h!) = log*x|h|”+2), (c) 
pt+2 
uniformly for small |h|. Next we calculate, for any { with Rf = 0, 
the differences of 


= = af | (t)[log(x/t)*-* dt, 
1 
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where 7(x) tends to zero as x tends to infinity. For |h| < { 


a/(1+h) 


1 


t zx x In(t 
[ J (i) J +0 
1 a/(1+h) 1 a/(1+h) 
2 x rt dt 
i (3.34) 
Taking differences at the points (a) we obtain 
s—1 
A, = tog dt +-o0(1). 
r 
0 


r= 1 


| Progr dt = o(log’+1z), 
. t 
and therefore, by (b) and (c), 
A, = 

= o(log*a|h|?+1)+-0(1), (d) 

uniformly for small |h|. Assume now that there are m ‘maximal roots’ 
i={..=¢, (»<s) 

such that = é,... = £, = €, = ps--- = Pn =P While for y > 8 
either €, < € or £, = £, p, <p. We see from (b) and (d) that the 
contribution of the maximal roots to the (p+1)th differences of 
(3.33) is dominant. In fact, we obtain from (3.33), on taking 


differences 
n —f 
r=1 I +3 
+ loge-2x)+ O(|h|?+22 (e) 
uniformly for all sufficiently small |h|. Here certainly A,,_, 4 0. 
Suppose now that there exists a sequence of values X — oo such that 


n 


| S(X)| = > xi | > (f) 


r=1 


where = £+77,. 


{ 
; 

= 
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If in (e) we put x = X and h = h(X) = o(1), we obtain 
0 = h?+1X loge-1X{(p+ 1)! S(X)+0(1)}+-0(1) 


or h= o(X p+ilog (g) 


Now the only conditions imposed on h are: (i) h = o(1); and (ii), if 
Ay < X < Ayy,, then Ay < X/(1+p’h) < Ay,,. The second condi- 
tion can always be satisfied by suitable h so that at the same time 
\X—X/(1+-p’h)| = |p’hX/(1+-p’h)| > Le. 


Hence, for any ¢«(x) > 0, the conditions (i) and (ii) can be satisfied 
by an h(X) which at the same time satisfies 


\h| > (x)}. 
2p'Ay +1 


But A(X) must also satisfy (g). Hence 


g +1 
Ay = o(X~ Flog" 


2p'An +1 
Choosing «(X) large compared with the right-hand side, we obtain 


Hence Ay,,/Ay > 1, and, fortiori, X/Ay > 1, so that 


= (= o(1)). 


= (Ayii—Ay)/Ay = ofAx?*¥(log Ay) pi). 


We have therefore proved (3.31) if we can prove the existence of 
a sequence of values of X > oo satisfying (f). Substituting uw = logx 
in Lemma 6, we see that every interval (&, £e4) contains some point 
2 = X satisfying (f). This proves (3.31). Finally, if timA,,,/A, > 1, 
we could find an A > 0 so that, for an infinity of n, A,,,, > A, e+. 
But then the interval (A,,,A,,,,) would contain an X satisfying (f) 
which would imply (3.31) for these values of n. This is obviously 
a contradiction. 

It should be remarked that, if there is only one ‘maximal root’ £ 
with Rf = € > 0 and of effective order p, then S in (f) consists of 
one term only and is therefore of constant absolute value. In this 


2p 
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case the sufficient condition (3.23) is also necessary. In particular 
we have 

THEOREM 8. If U,,(z) has exactly one root { with RC = € > 0, then 
this root is d-effective of order p, if and only if 


_P 
= of, p+1(log A,,) 


In particular it is effective, if and only if 6, = of, p+ 1). 


Example. If U = Uy = My, then U(z) = (z—{)/(z+1) and z= ¢ 

is the only root. This root is 4-effective if 
(A, 41—A,, JAE“? = (3.35) 

If € > 0, this condition is also necessary. If A, = n, (3.35) is equi- 
valent to <1. Since € >0 is obviously necessary, we obtain 
Theorem B of the introduction.t 

Finally we prove 

THEOREM 9. Let ¢ be a root of U,,(z) with € = RE > 0. If Ax41/A, 
decreases, then ¢ is d-effective of order p, if and only if (3.23) is satisfied. 

Proof. Let ¢ be A-effective of order p. It follows from the proof 
of Theorem 7 that every interval (A > 1) contains at 


least one NV for which 


_p-1 
dy = ofAx?+1(log Ay) p+il, 
Hence, if N, and N, are two such consecutive numbers, we have 
Ay, < Ady,. If now N, < n < N,, then A,, << AAy,, and so 


holds for every n. 
3.4. The following example shows that in general the condition 
(3.23), while sufficient for ( to be effective, is not necessary. 
Consider the method 
for which U(z) has the roots #, 1+7, 1—i. The sufficient condition 
for all three roots to be A-effective is here 5,, = o(A;!). We shall now 


construct a A-sequence for which only the necessary condition 


+ This special theorem can be proved much more simply. See (1). 
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lim 8,, = o(A;) is satisfied, and yet the three roots are )-effective. 
The function 


p(x) = seit 


is summable U but not summable by any ‘divisor’ of U (Lemmas 2 
and 3). Also 
= x t+2coslogx = O(1), b"(x) = O(a). (a) 
Now w(x) vanishes, if coslogx = —}a-*. The roots of #’(x) are 
therefore, for large x, near exp|(k+4)7|. We write x, for these 
roots. We choose our A-sequence so that 
An = o(A;,*) (b) 


nk 

Consider the step function s(x) = #(A,,) (A, <A,4,). For 
these x, by (a), ifn ~ n,, 

—(A,,) O(x—A,) OAn —An) = 06, A,) = = 
and, ifn = n,, 

P(x) —s8%(x) = y(x)—PA,,) = = OBR = 0(1)- 
Hence s(x), like %(x), is summable U; the roots are A-effective, but 
we can “a (b) without satisfying 5,, = o(A,') throughout. 

It is interesting to note that, by Theorem 8, all three methods 
MY, MY, MY, are equivalent to O%, if 5,, A o(A;,*) in (b). Yet 
their product 0% ; is stronger than 0. 

3.5. The assumption € > 0 in Theorem 7 is essential. We know 
(Theorem 4) that = 0 is always A-effective, and we shall see 
presently that for £ 4 0, RE = € = 0 the condition A,,,,/A, >1 of 
Theorem 7 is no longer necessary. It seems to be impossible to 
give simple conditions for these latter { to be A-effective of a given 
order. We shall restrict ourselves to the simple remark that 
limA,, ,,/A,, = 1 is necessary. This is contained in the following 


THEOREM Jf limA,,,,/A,, > 1, and if U(0) 0, then UY ~ 0%, 
Proof. We have 
where some of the a, may be zero, but U(0) = ag+a,+...+a, ¥ 0. 


+ Compare (2), Theorem 21, of which this theorem is an easy generalization. 
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Consider the A-step function (3). If s(x) is summable U to s, 
then, for A, < < 


(q—l1)!a t 
0 0 
1.e. 
8, | dt ++ (log) dt|+ 
An An 
An An 
x\q-1 
+a, | s(t) dt +...4+ log — dt = sx+o(x). (a) 
(q—1)! 
0 0 
Now 
aay | al 
0 An 0 


Substituting these expressions in (a) and taking qth differences at 
the points x = A,, A, Ky, Ay Ay = (KZ = /A,), We 


obtain 


i.e. s, U(0) = 


If limA,,4,/A, > 1, then lim«, > 1 and s, s[U(0)|-?. 


3.6. We conclude this paper with two examples. The first shows 
that a root ¢ 40 of U(z) with € = 0 may be 2-effective for a A- 
sequence with limA,,,/A, >1, and even limA,,,/A, = 0. The 
second example shows that the condition limA,,,,/A,, = 1 is necessary 
for the root £ = 0 to be A-effective of higher order than the first. 


Example 1. Consider the method U = M; = H,—(1+¢)M, for 
which U(¢) = 0. We define a function »(x) > 0 and numbers &,, 2;, 
(k >1) by = 0, a, = 1, 


flog(1+a)}-! (a, <a < &;), 
n(x) = (&, <a) 
Lk 
where | dt = 1, | dt = dt = 0, 


8y[ 24+... An = 41), 
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and where 2z;,,, is arbitrarily larger than x,. By Lemma 3 the 
divergent function 5 
s(x) = af | dt 
i 
is summable Also s(x) = 0 (a, < 2,,). We now choose 
a A-sequence so that, for a certain sub-sequence 4,,, A,, = x, and 
= While A,,,,/A, >1 for all other n. Since 2,,,—a, is 
arbitrarily large, we may have limA,,,/A, = 0. Consider the 
A-step function s(x) = 8(Ay41) (Ay < <A 
= s(x) = 0. Ifn 
x An+1 
M2)—s(a) = [War tag, [ Mae Ay <a < dyad 
1 z 
= O(log Ay, 41/A,)+-0(log Ay = 0(1) 

(see (2.1) and (3.34)). Hence s(x) is summable M;. 

Example 2. We shall prove that lim A,,,,/A,, > 1 implies 

U = Mj = (H,—H,)? ~ M, 

so that the root £ = 0 of U(z) is effective of order 1 only. 

If s(a) is a A-step function, then its transform by M is 

x 
1 1 1 
t,(z) = a(z)—— | s(u) du = u ds(u) = 
0 0 


and its transform by 3, 


t,(x) = s(x) —= | s(u) du +. | log= du 
0 


f mann fom du 


= ds(u) | ds(u) > a, 


Let >s. IfA,,,/A, >a >1, and l<a<a, 
log 
An 


a), A, (a—1)s. 


kn 
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Since this holds for all « with 1 < « < a, we must have s = 0 and 


A fortiori, 


In other words, s(2) is also summable M). 
This result is remarkable because Theorem 4 shows that no con- 
dition on the d,, is necessary for £ = 0 to be A-effective of order 1. 


at 
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